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Solitary waves in Galilean covariant Fermi field theories with self-interaction
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The generalized Le´vy-Leblond equation for a (3+1)-dimensional self-interacting Fermi field is con-
sidered. Spin up solitary wave solutions with space oscillations in the x3-coordinate are constructed.
The solutions are shown to accumulate non-equal amounts of inertial and rest masses.
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Solitary waves [1] in fermionic systems have been inten-
sively studied for both the relativistic and non-relativistic
cases [2]-[6]. For non-relativistic systems, solitary waves
have been constructed as the solutions of the nonlinear
Schrodinger (NLS) equation [6]. The NLS equation has
been obtained as the non-relativistic limit of the non-
linear Dirac equation and found important applications
in many areas, including plasma physics [7], nonlinear
optics [8] and molecular physics [9].
In this paper, we follow a different approach to the
study of solitary waves in non-relativistic fermionic sys-
tems. Our starting point is the non-relativistic Dirac
equation introduced by Le´vy-Leblond [10]. We will refer
to it as the Le´vy-Leblond (LL) equation. It can be re-
duced to a NLS type equation as well. However, it has a
wider range of applications: it can be used in the regime
when the dynamics of non-relativistic fermions can not be
obtained as the non-relativistic limit of a relativistic dy-
namics. This happens when the inertial and rest masses
of non-relativistic fermions are not equal. The general-
ized version of the LL equation valid in this regime has
been derived in [11] within a (4+1)-dimensional Galilean
covariant formulation of field theories [12]. Our aim is to
construct solitary wave solutions for the generalized LL
equation with the standard scalar-scalar self-interaction
and to calculate the amounts of inertial and rest masses
as well as energy and spin accumulated in these waves.
Model. We start with a five-dimensional Dirac field
model given by the Lagrangian density:
L(x) = Ψ(x)(iγµ∂µ − k)Ψ(x) + g(Ψ(x)Ψ(x))2 . (1)
Herein Ψ(x) is a Dirac field defined on the five-
dimensional manifold G(4+1) with the Galilean metric [13]
gµν =

 −13×3 0 00 0 1
0 1 0

 , (2)
µ, ν = 1, ..., 5. The Dirac matrices γµ in the extended
space-time are four-dimensional
γa =
(
0 iσa
iσa 0
)
, γ4 =
1√
2
(
1 1
−1 −1
)
,
∗
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γ5 =
1√
2
(
1 −1
1 −1
)
,
a = 1, 2, 3, where σ1,σ2, and σ3 are the Pauli matrices,
and obey the anti-commutation relations:
{γµ, γν} = 2gµν .
The adjoint field is defined as
Ψ(x) = Ψ†(x) γ0,
where
γ0 =
1√
2
(
γ4 + γ5
)
=
(
1 0
0 −1
)
.
In Eq.(1), k is a momentum parameter related to the rest
energy, while g > 0 is the coupling constant.
The reduction to (3+1)-dimensions performed by fac-
toring the x5-coordinate out of the original field Ψ(x)
as
Ψ(x) = e−imc¯x
5
ψ+(x, t) (3)
introduces the non-relativistic Fermi field ψ+(x, t) with
the positive inertial mass m and the rest energy Ek ≡
k2/(2m) = m0c¯
2. The parameters m0 and c¯ are the rest
mass and velocity, respectively. The velocity parameter
c¯ can be identified with the speed of light if the inertial
and rest masses are equal.
The Lagrangian density given by Eq.(1) reduces to
L+(x, t) = ψ+(x, t)(iγµ¯∂µ¯ − kI+)ψ+(x, t)
+ g(ψ+(x, t)ψ+(x, t))
2, (4)
where µ¯ runs from 1 to 4, and
I+ = I − mc¯
k
γ5,
I being the identity matrix. In the system of units where
~ = 1, the combination of parameters (gk/m)1/2 has the
dimension of length. We will denote this combination as
L.
From Eq.(4) we obtain the following equation of mo-
tion for the field ψ+(x, t)(
iγµ¯∂µ¯ − kI+
)
ψ+(x, t) = −2gA(x, t)ψ+(x, t), (5)
2where
A(x, t) ≡ ψ+(x, t)ψ(x, t).
This is the generalized LL equation with self-interaction
included. Representing the field ψ+(x, t) as
ψ+(x, t) =
(
ψ1,+(x, t)
ψ2,+(x, t)
)
,
and introducing the linear combinations
η1,+(x, t) = ψ1,+(x, t) + ψ2,+(x, t),
η2,+(x, t) = ψ1,+(x, t)− ψ2,+(x, t),
we bring Eq.(5) to the following form
i∂4η1,+ + p−η2,+ = −Ag
√
2η2,+, (6)
p+η1,+ −mc¯η2,+ = Ag
√
2η1,+, (7)
where
p± ≡ 1√
2
(σa∂a ± k),
while A(x, t) becomes
A =
1
2
(η†1,+η2,+ + η
†
2,+η1,+). (8)
As in the case without self-interaction, the component
η2,+ is not dynamically independent. Its time evolution
is completely determined by η1,+.
Solitary waves. The generalized LL equation can be
solved perturbatively in the weak-coupling regime. In
this case, its solutions are expanded in powers of g. How-
ever, it is possible to solve the equation exactly for all
values of g if we restrict our consideration to the case of
one-dimensional spin up solitary waves. Let us assume
that both η1,+ and η2,+ are eigenvectors of σ
3 with the
eigenvalue (+1),
σ3η1,+ = η1,+, σ
3η2,+ = η2,+,
and that they both do not depend on x1 and x2 coordi-
nates. Then η1,+,η2,+ can be represented in the form
η1,+ =
(
η1
0
)
, η2,+ =
(
η2
0
)
,
where η1(x
3, t), η2(x
3, t) are single component fields.
Introducing the dimensionless variables
τ ≡ mc¯x4, ξ1,2 ≡ L
( µ
Ek
)1/2
eiµ
2τη1,2,
z ≡ mc¯x3, A ≡ L2 µ
Ek
A,
where µ ≡
√
m0/m, we use Eq.(7) to express ξ2 in terms
of ξ1 and A as
ξ2 =
( 1√
2
∂
∂z
+ µ
)
ξ1 −Aξ1. (9)
Substituting next this expression into Eq.(8), this yields
A = 1
2
1
1 + |ξ1|2
( 1√
2
∂
∂z
+ 2µ
)
|ξ1|2. (10)
With equations (9) and (10), Eq.(6) takes the form of the
non-linear Schro¨dinger equation
i
∂ξ1
∂τ
+
1
2
∂2ξ1
∂z2
+ V ξ1 = 0 (11)
with the potential
V ≡ − 1√
2
∂A
∂z
+ 2µA−A2. (12)
We look for a solution to this equation in the form of
a wave propagating in the positive z-direction as
ξ1(z, τ) = D(z − ντ) exp{ i
2
(β2 − ν2)τ + iνz}, (13)
where β and ν are arbitrary parameters, while the func-
tion D(z − ντ) is assumed to vanish as |z| → ∞. Using
it in Eq.(11), this gives us
d2D
dκ2
− D
1 +D2
(dD
dκ
)2
+
(
2µ2 − β2
)
D(1 +D2)
− 2µ2 D
1 +D2
= 0, (14)
where κ ≡ z − ντ .
Integrating the last equation, we get
(dD
dκ
)2
=
(
β2−2µ2
)
D2(1+D2)−2µ2+C(1+D2). (15)
This simplifies to
dD
dκ
= ±
√
β2D2 +
(
β2 − 2µ2
)
D4 (16)
if we take the constant of integration C equal to 2µ2. For
0 < β2 < 2µ2, (17)
the solution is
D =
β√
2µ2 − β2 sech
(
βκ
)
. (18)
In terms of the original variables, the solitary wave
solution is
η1 =
1
L
√
Ek(Ek − ω)
µω
sech
(√
2m(Ek − ω)(x3 − vt)
)
× exp
{
i
(
ω − 1
2
mv2
)
t+ imvx3
}
, (19)
where v ≡ νc¯ is the speed of the solitary wave,
ω ≡ Ek
(
1− β
2
2µ2
)
3is the frequency of oscillations in time in the rest frame,
while the condition given by Eq.(17) becomes
0 < ω < Ek.
The amplitude of the solitary wave increases with in-
creasing of Ek and/or decreasing of ω.
Mass, energy and spin. Multiplying Eq.(5) by ψ+(x, t)
from the left and subtracting from it the adjoint equation
multiplied by ψ+(x, t) from the right, we get
∂ρ
∂t
+
∂ja
∂xa
= 0, (20)
where ρ ≡ (1/c¯)ψ+γ4ψ+ is the density of the non-
relativistic Fermi field, and ja ≡ ψ+γaψ+ is its current
density.
The total inertial mass of the system is defined as
M = m
∫
ρdx =
m
c¯
∫
ψ+γ
4ψ+dx. (21)
It is conserved in time for the solitary wave solution pre-
sented in Eq.(19). The inertial mass accumulated in the
solitary wave passing through the area Ω ≡ L2 in the
(x1, x2)-plane is
M = m
√
Ek(Ek − ω)
ω
. (22)
The Hamiltonian density corresponding to the La-
grangian density given by Eq.(4) is
H+(x, t) = −ψ+(x, t)(iγa∂a − kI+)ψ+(x, t)
− g(ψ+(x, t)ψ+(x, t))2. (23)
This yields the following expression for the energy of the
solitary wave passing through the same area Ω:
E ≡
∫
H+(x, t)dx
= E0 +
1
2
Mv2, (24)
where
E0 ≡M0c¯2 (25)
and
M0 ≡ m0
[
2tanh−1
(√
1− ω
Ek
)
−
√
1− ω
Ek
]
(26)
can be identified as the rest energy of the solitary wave
and its rest mass, respectively.
As seen from FIG. 1, both the inertal and rest masses
decrease with increasing of ω/Ek. However, the inertial
mass decreases at a higher rate. The smaller µ2, the
less the rest mass accumulated in the solitary wave. For,
µ2 = 1, the inertial and rest masses practically coincide
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FIG. 1: The inertial and rest masses of the solitary wave as
functions of ω/Ek at different values of µ
2.
for values of ω/Ek close to 1, while for µ
2 > 1 this only
happens at a single value of ω/Ek.
According to the Vakhitov-Kolokolov criterion [4], de-
creasing of the inertal mass with increasing of ω/Ek in-
dicates that the solitary wave solution given by Eq.(19)
is stable for all values of ω in the interval 0 < ω < Ek.
This is in agreement with the statements about linear
stability of solitary waves in the non-relativistic regime
of the non-linear Dirac equation with the self-interaction
g(ψ+ψ+)
2 [14].
To find spin accumulated in the solitary wave, we use
the Dirac spin operator defined as [11]
Sa = 1
2
∫
dx
1
c¯
ψ¯+(x, t)γ
4Σaψ+(x, t), (27)
where
Σa ≡
(
σa 0
0 σa
)
.
Since Σ3ψ+ = ψ+, the third component of the spin be-
comes
S3 = 1
2
∫
ρdx =
1
2
√
Ek(Ek − ω)
ω
, (28)
while two other components vanish:
S1 = S2 = 0.
Instead of the Dirac spin operator, we could use the
Galilean covariant spin operator as well [11]. For one-
dimensional solitary waves, these two operators coincide
and have the same components.
4The idea that the inertial and rest masses of a non-
relativistic system are not necessarily the same has been
known for some time [15]. In our work, we have given an
example of such systems.
The amounts of inertial and rest masses of the soli-
tary waves are expressed in terms of the inertial and rest
masses of the original Fermi field,m andm0, respectively,
and its rest energy Ek. These amounts are not equal to
each other, even if m0 is taken equal to m. For a given
value of Ek, the solitary waves with a lower rest frame
frequency of oscillations in time accumulate more iner-
tial and rest masses and spin than the ones with higher
frequencies.
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